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Thom Fr�uhwirth ISLIP'99Constraint Reasoning andConstraint ProgrammingA generi
 framework forModelling- with partial information- with in�nite informationReasoning- with new informationSolving- 
ombinatorial problems
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Thom Fr�uhwirth ISLIP'99Constraint ReasoningThe Idea� Example numeri
 lo
k:0 1 2 3 4 5 6 7 8 9Greater or equal 5.Prime number.� De
larative problem representation by variablesand 
onstraints:x 2 f0; 1; : : : ; 9g ^ x � 5 ^ prime(x)� Constraint propagation and simpli�
ationredu
e sear
h spa
e:x 2 f0; 1; : : : ; 9g ^ x � 5 ! x 2 f5; 6; 7; 8; 9g
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Anmerkung� Getrennt von Probleml�osungsstrategie:Konjunktion von atomaren Formeln in Pr�adikaten-logik erster Stufe mit Glei
hheit.� Logis
he Folgerungen.Sieht trivial aus, Probleme sind aber oftNP-vollst�andig,Algorithmen exponentiell.Constraints = Eins
hr�ankungen, (Wert-, Rand-, Neben-)Bedingungen.Constraints bes
hreiben die Eigens
haften und Beziehun-gen von teilweise unbekannten Objekten.(Atomare) Constraints: Spezielle Pr�adikate der Pr�adikaten-logik erster Stufe.Constrainttheorie: Ni
htleere, konsistente Theorie, diedie Constraints bes
hreibt.Constraint(problem), Anfrage: Zu l�osende, allquantor-freie Konjunktion von atomaren Constraints.L�osung, Antwort: Wertebelegungen f�ur Variablen, dieAnfrage erf�ullen.Allgemeiner: M�ogli
hst starke Vereinfa
hung (z.B. Nor-malform) einer Anfrage.Constraintl�oser: Programm, das Constraints verein-fa
ht und l�ost.Constraint-Programm: s
hi
kt na
h und na
h Constraintsan Constraintl�oser, erwartet (Teil-)L�osungen.
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Thom Fr�uhwirth ISLIP'99Constraint ProgrammingSome Appli
ations� Lufthansa: Short term personell planning.� Hongkong: Container Harbor resour
e planning.� Renault: Short term produ
tion planning.� NASA: Hubble spa
e teles
ope experiments
heduling.� Airbus: Cabin layout.� Siemens: Cir
uit veri�
ation.� Nokia: Software 
on�guration for mobile phones.� Caisse d'epargne: Portfolio management.In De
ision Support Systems forPlanning, Kon�guration, for Design, Analysis.[Fr�uhwirth, Abdennadher, Constraint-Programmierung,Springer Verlag, 1997℄
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AnmerkungUmsatz 1996 
a. 100 Millionen Dollar, wie Data Min-ing, 1% von Mi
rosoft. Kommerziellen Anwendungen1996 
a. 300.� Ilog (F,USA): Ilog Optimization Suite (in
l. C-Plex,Numeri
a).� Cosyte
 (F): CHIP V5.� Siemens, IF Computer (A,J,D): IF/Prolog V5.1.� PrologIA (F): Prolog IV.� Lufthansa: DAYSY, Cosyte
 CHIP.� Hongkong International Terminals: Transport undLagerung von Containern. ICL De
isionPower.Ablaufplanung = S
heduling� Renault: Bull CHIP-Derivat.� Airbus: Uni Hamburg.� Siemens: IFProlog.� Caisse d'epargne: PrologIA� Daussault.� SNCF 1700 Z�uge Gare Du Nord Paris Ilog.� Veni
e lagoon pollution war
hPersonal- und Ablaufplanung, Transport- und Plazierung-soptimierung.Gelbe Seiten Layout: Anzeigen und Eintr�age.A+E nahe, Konkurrenten weg, Seite voll.Zahlens
hlo�, Kreuzwortr�atsel, Glei
hungsl�osen.Musikprobe - L�arms
hutzvors
hriften.
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Thom Fr�uhwirth ISLIP'99Appli
ation DomainsModelling, Exe
utable Spe
i�
ation.Solving 
ombinatorial problems:� S
heduling, Planning, Timetabling� Con�guration, Layout, Pla
ement, Design� Analysis: Simulation, Veri�
ation, Diagnosisof software, ele
troni
, ele
tri
al, me
hani
alhardware 
omponents and industrial pro
esses.Arti�
ial Intelligen
e� Ma
hine Vision� Natural Language Understanding� Temporal and Spatial Reasoning� Theorem Proving� Qualtitative Reasoning
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AnmerkungFinan
e and BankingMolea
ular Biology, Genome Mapping
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Thom Fr�uhwirth ISLIP'99History60ties,70ties Constraint networks in arti�
ialintelligen
e.70ties Logi
 programming (Prolog).80ties Constraint logi
 programming.80ties Con
urrent logi
 programming.90ties Con
urrent 
onstraint programming.90ties Commer
ial appli
ations.
Constraint Programming represents one of the
losest approa
hes 
omputer s
ien
e has yet madeto the Holy Grail of programming: the user statesthe problem, the 
omputer solves it.[Eugene C. Freuder, Constraints Journal, 1997℄
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Thom Fr�uhwirth ISLIP'99Constraint ProgrammingRobust, 
exible, maintainable software faster.� De
larative modelling by 
onstraints:Des
ription of the properties and relationshipsbetween partially unknown obje
ts.Corre
t handling of pre
ise and impre
ise,partial and full information.x 2 f0; 1; : : : ; 9g ^ x � 5 ^ prime(x)� Automati
 
onstraint reasoning:Propagation of the e�e
ts of new information.Simpli�
ation makes impli
it informationexpli
it.x 2 f0; 1; : : : ; 9g ^ x � 5 ! x 2 f5; 6; 7; 8; 9g� Solving 
ombinatorial problems eÆ
iently:Easy Combination of 
onstraint solving withsear
h and optimization.
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AnmerkungConstraints = Eins
hr�ankungen, (Wert-, Rand-,Neben-)Bedingungen.Anpassung und Kombination existierender Verfahren:� Mathematik: Operations Resear
h� Informatik: KI, Graphentheorie� Betriebswirts
haft: Ablaufplanung� Linguistik: Feature Terme� Algebra, Endli
he Automaten, Automatis
hesBeweisen...
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Thom Fr�uhwirth ISLIP'99TerminologyOur language is �rst order logi
.ConstraintConjun
tion of atomi
 
onstraints (predi
ates)E.g. 4X + 3Y = 10 ^ 2X � Y = 0Constraint Problem (Query)A given, initial 
onstraintConstraint Solution (Answer)A valuation for the variables in a given 
onstraintproblem that satis�es all 
onstraints of the problemE.g. X = 1 ^ Y = 2In general, a normal/solved form of a 
onstraintproblemE.g. 4X+3Y +Z = 10^ 2X�Y = 0 simpli�es intoY + Z = 10 ^ 2X � Y = 0
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AnmerkungTransform a 
onstraint problem into a logi
ally equiv-alent, but somehow simpler form.Present Prin
iples, a FRAMEWORK.
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Thom Fr�uhwirth ISLIP'99Constraint Handling Rules (CHR)De
larative programming language for thespe
i�
ation and implementation of 
onstraintsolvers and programs.CHR 
onstraint solvers are open and 
exible, 
anbe maintained, 
ombined, debugged, analysed.Appli
ation66CHR-ConstraintsCHR-Solver6Built-in Constr. Bla
kboxHost language (Prolog, Lisp, Java,...)[Fr�uhwirth, Journal of Logi
 Programming, 1998℄
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AnmerkungExtremster Ansatz: Eigene Programmierspra
he.Constraint-Programm: s
hi
kt na
h und na
h Con-straints an Constraintl�oser, erwartet (Teil-)L�osungen.Constraintl�oser: Programm, das Constraints propagiert,vereinfa
ht und l�ost.Built-in Constraints (z.B. au
h Tests und Zuweisun-gen)Vorteile Constraint Handling Rules- H�ohere Programmierspra
he- Deklarative Semantik- Theoretis
he Resultate- Konkrete Anwendungen- Programmanalyse- Neue Constraints m�ogli
h
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Thom Fr�uhwirth ISLIP'99Example Order Relation �x�x , true Reflexivityx�y ^ y�x , x=y Antisymmetryx�y ^ y�z ) x�z Transitivitya�b ^ b�
 ^ 
�a QueryTransitivitya�
 Antisymmetrya=
 Bla
kbox SolverAntisymmetrya=ba=b ^ a=
 Answer
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AnmerkungConstraint aus Zahlens
hlo�-Beispiel.x, y, z sowie a, b, 
 sind ungebundene Variablen.Linie zwis
hen Program und Query ziehen.Constraint-Problem hei�t hier Query,L�osung bzw. m�ogli
hst vereinfa
hte Form hei�t hierAnswer.GLEICH BEISPIEL MACHEN!Constraints sind (allquantorfreie) Konjunktionen vonatomaren Constraints.CHR-Regeln bes
hreiben wie Constraints si
h zu neuenConstraints vereinfa
hen und wie Constraints andereConstraints propagieren.Fortgesetzte Vereinfa
hung und Propagierung von Con-straints f�uhrt s
hlie�li
h zur L�osung der Constraints.Regeln aus Inferenzregeln, Formeln, Ersetzungsregelngewinnbar.Hier Abstrakte Syntax verwendet.Simpli�kation entfernt Constraints, Propagierung ni
ht.Kein Beweiser, sondern eÆzient Konjunktionen l�osen.Beispiel mit W�a
hter: Re
exivity mit W�a
hter.
10-1



Thom Fr�uhwirth ISLIP'99De
larative Semanti
sHead K CHR-ConstraintsGuard W Built-in ConstraintsBody R Built-in and CHR-ConstraintsSimpli�
ation ruleK ,W j R 8 (W ! (K $ 9�x R))Propagation ruleK )W j R 8 (W ! (K ! 9�x R))De
larative semanti
s of a CHR program P :P: Logi
al reading of the CHR rules of P .[ T : Theory for built-in 
onstraints.
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AnmerkungMeta-Variablen stehen immer f�ur Konjunktionen vonConstraints.Variablen �x kommen nur in R vor.Constraints als spezielle Pr�adikate der Pr�adikatenlogikerster Stufe.Built-in: true, false = syntaktis
he Glei
hheit.CHR-Constraints dur
h Regeln de�niert und imple-mentiert.Der W�a
hter als Vorbedingung einer Regel impliziertdabei einen logis
hen Zusammenhang zwis
hen Kopfund Rumpf der Regel: Im Fall einer Simpli�kation-sregel ist der Zusammenhang eine logis
hen �Aquivalenzzwis
hen Kopf und Rumpf, im Fall einer Propagierungsregeleine Implikation.Mit W�a
hter:8X,Y (X=Y!(X�Y$true)) % Reflexivity
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Thom Fr�uhwirth ISLIP'99Operational Semanti
sState Transition SystemState: Conjun
tion of 
onstraints.Simplify A ^ C 7�! R� ^ Cif (K ,W j R) 2 Pand (A = K�) and (CV !W�)Propagate A ^ C 7�! R� ^A ^ Cif (K )W j R) 2 Pand (A = K�) and (CV !W�)
Split (A _B) ^ C 7�! (A ^ C) _ (A ^ C)
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AnmerkungK;W;R;C: Konjunktionen von Constraints.Substitution, Mat
hing, InstanzJede passende CHR-Regel-Kopie ausw�ahlbar.
ommitted-
hoi
e. verp
i
htende (Regel-)wahlMat
hing anstatt Uni�kation (sonst in
omplete).W�a
hter zur Regelauswahl (da kein ba
ktra
king).�x fris
he Variablen aus Regelkopie.Vereinfa
hen von built-in Constraints implizit.Konjunktion assoziativ und kommutativ, ni
ht idem-potent.8 Allabs
hlu�.W im Folgezustand ni
ht dabei.Terminierung der Propagierungsregeln ni
ht dargestellt.
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Thom Fr�uhwirth ISLIP'99Corresponden
e betweenSemanti
sLemma (Equivalen
e of States) If the state Bappears in a 
omputation of A, thenP; T j= 8 (A$ 9�xB):Theorem (Soundness) If C is an answer of A,then P; T j= 8 (A$ 9�xC):Theorem (Completeness) A has at least one�nite 
omputation. If P; T j= 8 (A$ 9�xC), thenA has an answer C0 su
h thatP; T j= 8 (9�xC $ 9�yC0):[Abdennadher, Fr�uhwirth, Meuss, Constraint Journal,Kluwer, 1999℄
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AnmerkungAbleitung: Folge von Reduktionen.9�x; y : Alle Variablen, die ni
ht in A vorkommen.S�atze besser als f�ur herk�ommli
he CLP-Spra
hen.Vollst�andigkeits- und Korrektheitss�atze des CHR-Kalk�ulsbasieren vor allem darauf, da� Reduktionen f�ur CHRdie logis
he �Aquivalenz von den Zust�anden erhalten:Induktionsbeweis �uber L�ange der Ableitungen plus lo-gis
he Leseweise der Reduktionsregeln.Aus diesem Lemma folgt unmittelbar, da� alle Zust�andein einer Ableitung einer Query logis
h �aquivalent sind.Aus dem Lemma folgt au
h die Korrektheit.Der Vollst�andigkeitssatz gilt ni
ht, wennA keine endli
henAbleitungen hat:p , pSei A die Query p. Es gilt P; T j= p$ p.Aber A hat nur eine unendli
he Ableitung.Vollst�andigkeit s
hwa
h f�ur Answer false:p , qp , falseEs gilt P; CT j= :q. Aber q hat nur Answer q.
13-1



Thom Fr�uhwirth ISLIP'99Program AnalysisCon
uen
eThe answer of a query is always the same, nomatter whi
h of the appli
able rules are applied.x�y ^ y�x , x=yx�y ^ y�z ) x�zx�y ^ y�xx�y ^ y�x ^ x�x x=yx=y ^ x�x x=yTheorem (Con
uen
e) A terminating CHRprogram is 
on
uent i� its 
riti
al pairs arejoinable.[Abdennadher, Fr�uhwirth, Meuss, Constraint Journal,Kluwer, 1999℄
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AnmerkungA, B, C, D sind Zust�ande, d.h. Constraints.Probleme bei der Adaptation von Ergebnissen aus Ter-mersetzungssystemen (TRS):� Propagationsregeln� Bla
kbox-Constraintl�oserMonotonie entspri
ht Vertr�agli
hkeit bei TRS: WennA 7�! B, dann au
h A ^D 7�! B ^D.�Uberlappen zweier Regeln ergibt Ausgangszustand.Ausgangszustand hat die K�opfe der beiden Regeln, wobeiein oder mehrere Kopf
onstraints miteinander glei
hge-setzt wurden, und die W�a
hter der beiden Regeln.E�nts
heidbares, hinrei
hendes und notwendiges Kri-terium.Nutzen des Con
uen
etests:Theorie:Impliziert Konsistenz und verbessert �Ubereinstimmungder Semanti
s.Praxis:Answer au
h unabh�angig von Reihenfolge der Con-straints.Con
uen
etest enth�ullt Fehler.Implementierte CHR-Constraintl�oser sind meist 
on-
uent.Vervollst�andigung kann ni
ht-
on
uente Programme 
on-
uent ma
hen.
14-1



Thom Fr�uhwirth ISLIP'99Constraint Handling Ruleswww.pst.informatik.uni-muen
hen.de/�fruehwir/7 Implementations- E
lipse 4.0 Prolog- Si
stus 3.7 Prolog- Java30 Appli
ations- Theorem Proving, Uni York, Uni Koblenz- Muni
h rent advisor, LMU Muni
h- Pla
ement of senders for wireless 
ommuni
ation,LMU Muni
h- Exe
utable Z-Spe
i�
ations, Uni Melbourne- Morphologi
al analysis of natural language, CISMuni
h- Integration and Brokering of InternetInformation, MIT Boston- Kanji Font Des
ription, Uni Zuri
h- Automati
 Generation of Constraint Solvers,CWI Amsterdam- University Le
ture Timetabling andRoomplanning, LMU Muni
h
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Thom Fr�uhwirth ISLIP'99CHR Constraint Solvers50 Constraint Solvers- Boolean Algebra, Propositional Logi
, Uni York- Terms, Rational Trees, Feature Trees, Types,Lists- Finite Domains- Linear Polynomial (In-)Equations- Nonlinear Polynomial (In-)Equations,CRIN-CNRS and INRIA-Lorraine- Interval Arithemti
- Generi
 Ar
 and Path Consisten
y- Temporal Reasoning, CISE Milano, UniLinkoeping- Spatial Reasoning, Uni Jaume I Casellun- Terminologi
al Reasoning, DFKI Kaiserslautern,Uni Bu
harest, GMD FIRST Berlin- Diagrammati
al Reasoning, Uni Melbourne
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Thom Fr�uhwirth ISLIP'99Boolean Constraints
X u Y = Z ^X = 0 ) Z = 0X u Y = Z ^ Y = 0 ) Z = 0X u Y = Z ^X = 1 ) Y = ZX u Y = Z ^ Y = 1 ) X = ZX u Y = Z ^ Z = 1 ) X = 1 ^ Y = 1X u Y = Z ^X = Y ) Y = Z
add(I1; I2; I3; O1; O2),xor(I1; I2; X1) ^ and(I1; I2; A1) ^xor(X1; I3; O2) ^ and(I3; X1; A2) ^or(A1; A2; O1):- add(I1,I2,I3,[O1,O2℄),I3=0,O1=1I3=0,O1=1,I1=1,I2=1,O2=0
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Consider the predi
ate add/4 taken from the well-known full-adder 
ir
uit. It adds three single digitbinary numbers to produ
e a single number 
on-sisting of two digits:The 
omputation pro
eeds as follows: Be
ause I3=0,the output A2 of the and-gate with input I3 mustbe 0. As O1=1 and A2=0, the other input A1 of theor-gate must be 1. Be
ause A1 is also the output ofan and-gate, its inputs I1 and I2 must be both 1.Hen
e the output X1 of the �rst xor-gate must be 0,and therefore also the output O2 of the se
ond xor-gate must be 0. The query add(1,1,I3,[O1,O2℄)redu
es to I3=O2,O1=1. This example illustratesthe power of this simple but in
omplete solver.
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Thom Fr�uhwirth ISLIP'99Theorem ProvingResolution
l(f+Xg [ L1) ^ 
l(f�Xg [ L2)) 
l(L1 [ L2)Unit Resolution empty 
l � 
l(fg) , falsetautology � 
l(f+X;�Xg [ L1) , true
unit instantiation � 
l(f+Xg) , X = 1unit instantiation � 
l(f�Xg) , X = 0unit propagation � 
l(f+0g [ L1) , 
l(L1)unit propagation � 
l(f�1g [ L1) , 
l(L1)unit subsumption � 
l(f+1g [ L1) , trueunit subsumption � 
l(f�0g [ L1) , true

18



In [Dum95℄ experiments were performed in apply-ing resolution and ba
ktra
king to solving Boolean
onstraint satisfa
tion problems. The DP pro
e-dure restri
ts resolution to unit 
lauses. A label-ing phase is added that tries truth values usingba
ktra
king for the variables one by one, thus re-taining 
ompleteness.Here is an in
remental version of the DP pro
e-dure1, other versions of resolution 
an also be foundin [Dum95℄. Boolean CSPs are modeled as 
on-jun
tions of 
lauses, where a 
lause is a disjun
-tion of literals (positive or negative atomi
 propo-sitions). A 
lause is represented as a list of signedBoolean variables. For example, :a _ b _ 
 is rep-resented as 
l(f-A,+B,+Cg). The lists are 
losed,variables in the lists are ordered. member/2 is theusual Prolog predi
ate about lists.

1\Pure literal deletion" is not implemented, be
ause itis based on a global 
ondition whi
h is not sound anymorewhen 
onstraints 
an be added in
rementally as is the 
asein CHR. 18-1



Thom Fr�uhwirth ISLIP'99n-Queens Predi
atessolve(N,Qs) ,make_domains(N,Qs) ^ queens(Qs) ^ labeling(Qs).queens(L) ,L = [℄_ L = [X|Xs℄ ^ safe(X,Xs,1) ^ queens(Xs).safe(X,L,N) ,L = [℄_ L = [Y|Ys℄ ^ noatta
k(X,Y,N) ^ safe(X,Ys,N+1).
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Anmerkung� The predi
ate make domains de
lares ea
h of the rowvariables from Qs to range over the values 1 to N.These 
orrespond to the row variables X1,...,XN.To set the variable X to have initial domain L we usethe notation X2L.� The predi
ate queens ensures that no queen falls onthe same row or diagonal as any other queen. Ititerates through the list of queens 
alling safe toensure that ea
h queen X does not fall on the samerow or diagonal as the remaining queens in the list.� The predi
ate safe iterates through the queens inXs adding noatta
k 
onstraints to enfor
e that ea
hqueen in the list is not on the same row or diagonalas X. The implementation of the noatta
k 
onstraintis given below.� Finally the predi
ate labeling is 
alled, to ensurethat a valid solution is found. The predi
ate labelingiterates through ea
h variable X in the list of variablesto be labeled, 
alling member(X,D), where D is the do-main of X, to set X to ea
h of the remaining valuesin its domain. The variables are tried in the orderof their appearan
e in the list. For large n more so-phisti
ated labeling strategies 
an be implemented.
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Thom Fr�uhwirth ISLIP'99n-Queens ConstraintsX2[℄ , false.noatta
k(X,Y,N) ^ Y2D ,remove_values([X,X+N,X-N℄,D,D1) ^ Y2D1.noatta
k(Y,X,N) ^ Y2D ,remove_values([X,X+N,X-N℄,D,D1) ^ Y2D1.labeling([℄) , true.labeling([X|Xs℄) ^ X2L ,member(X,L) ^ labeling(Xs).member(X,[Y|Ys℄) , X=Y _ member(X,Ys).
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AnmerkungTo solve the N -queens problem, our 
onstraint solveronly needs to handle the noatta
k and 2 
onstraints.noatta
k(X,Y,N) is true if Y6=X ^ Y6=X+N ^ Y6=X-Nholds, i.e. noatta
k(X,Y,N) ensures that a queen Y isnot on the same row or diagonal as a queen X.The �rst rule ensures that the domain for X 
annot beempty. The se
ond and third rule remove the valuesX, X+N and X-N from the domain of Y provided X is anumber.

20-1



Thom Fr�uhwirth ISLIP'99n-Queens Solutions
1234

�� ��
1 2 3 4 1234

� �� �
1 2 3 4
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AnmerkungThe program exe
utes the goal solve(4,[X1,X2,X3,X4℄)as follows. After the domain de
larations the domain isX12[1,2,3,4℄ ^ X22[1,2,3,4℄ ^ X32[1,2,3,4℄ ^ X42[1,2,3,4℄.The safe predi
ate adds the noatta
k 
onstraints: noatta
k(X1,X2,1)^ noatta
k(X1,X3,2) ^ ...^ noatta
k(X3,X4,1). Asea
h of these 
onstraints involves variables with no�xed value, no propagation o

urs. In order to guar-antee that a valid solution is found labeling is 
alled.The �rst variable to be assigned is X1. Trying the �rstvalue in the initial domain, 1, propagation using therules from the 
onstraint solving part redu
es the do-mains of X2,X3 and X4, i.e. X22[3,4℄ ^ X32[2,4℄ ^X42[2,3℄. Exe
ution of labeling 
ontinues until asolution is found.The program gives two solutions to the goal solve(4,Qs),namely Qs = [2,4,1,3℄ and Qs = [3,1,4,2℄.
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Thom Fr�uhwirth ISLIP'99n-Queens Codesolve(N,Qs) <=>make_domains(N,Qs), queens(Qs), labeling(Qs).queens(L) <=> (L = [℄);(L = [X|R℄, safe(X,R,1),queens(R)).safe(X,L,N) <=> (L = [℄);(L = [Y|R℄, noatta
k(X,Y,N), safe(X,R,N+1)).X in [℄ <=> false.noatta
k(X,Y,N), Y in D <=> ground(X) |remove([X,X+N,X-N℄,D,D1),Y in D1.noatta
k(Y,X,N), Y in D <=> ground(X) |remove([X,X+N,X-N℄,D,D1),Y in D1.labeling([℄) <=> true.labeling([X|Xs℄), X in L <=> member(X,L), labeling(Xs).member(X,[Y|Ys℄) <=> X=Y ; member(X,Ys).
22
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Thom Fr�uhwirth ISLIP'99Gaussian Variable Eliminationa1 �X1 + : : :+ an �Xn = b is written as[a1*X1,: : :, an*Xn℄ = b.delete(E,L1,L2) holds if the removal of E fromthe list �L1 results in the list L2.[A1*X|P1℄=0, P=0 <=>delete(A2*X,P,P2)|
ompute(P2+P1*A2/A1,P3),[A1*X|P1℄=0,P3=0.P = B <=> P=[℄ | B=0.
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Anmerkung[A1*X|P1℄=0, P=0 <=>kommt_vor_in(X,P) |entferne(A2*X,P,P2),bere
hne(P2+P1*A2/A1,P3),[A1*X|P1℄=0,P3=0. % P w/o XE. Monfroy (M. Rusinowit
h), Nan
y, 1996:GroAk: lineare (CHR) mit ni
htlinearer Variablene-limination (Gr�obner Basen).
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Thom Fr�uhwirth ISLIP'99Appli
ation: Finan
e% D: Amount of Loan, Debt% T: Duration of loan in months% Z: Interest rate per month% R: Monthly rate of payments% S: Balan
e of debt after T monthsmortgage(D, T, Z, R, S) <=>T = 0,D = S;T > 0,T1 = T - 1,D1 = D + D*Z - R,mortgage(D1, T1, Z, R, S).
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Thom Fr�uhwirth ISLIP'99Example Mortgagemortgage(100000,360,0.01,1025,S) yieldsS=12625.90.mortgage(D,360,0.01,1025,0) yieldsD=99648.79.S=<0, mortgage(100000,T,0.01,1025,S)yields T=374, S=-807.96.mortgage(D,360,0.01,R,0) yieldsR=0.0102861198*D.If the interest rate Z is unknown, the equationD1 = D + D*Z - R will be non-linear after onere
ursion step, sin
e D1, the new D, is notdetermined either.
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Thom Fr�uhwirth ISLIP'99Con
lusionsConstraint ProgrammingGeneri
 Framework for- modelling with in
omplete information- solving of 
ombinatorial problemsin de
ision support systems.Constraint Handling RulesDe
larative language for 
onstraint programming.- Exe
utable spe
i�
ations.- Good theoreti
al properties.- Implementations and libraries available.Flexible and maintainable intelligent software.
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Thom Fr�uhwirth ISLIP'99Constraint ProgrammingConstraint Programming represents one of the
losest approa
hes 
omputer s
ien
e has yetmade to the Holy Grail of programming: theuser states the problem, the 
omputer solves it.[Eugene C. Freuder, Constraints Journal, 1997℄
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Anmerkung60ties,70ties Constraint networks in arti�
ial intelli-gen
e.70ties Logi
 programming (Prolog).80ties Constraint logi
 programming.80ties Con
urrent logi
 programming.90ties Con
urrent 
onstraint programming.90ties Commer
ial appli
ations.
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Thom Fr�uhwirth ISLIP'99Constraint Handling RulesFor the theoreti
ian meta-theorems 
an beproved and analysis te
hniques invented on
eand for all; for the implementor di�erent
onstru
ts 
an be implemented on
e and for all;for the user only one set of ideas need to beunderstood, though with ri
h (but dis
iplined)variations (
onstraint systems).[P. van Hentenry
k, V.A. Saraswat, Strategi
Dire
tions in Constraint Programming, ACMComputing Surveys, 1996℄
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